B

1IOS RIS

journal

INTERNATIONAL JOURNAL OF SCIENTIFIC

RESEARCH AND

INNOVATIVE STUDIES

ISSN: 2820-7157
www. ijsrisjournal.com

October 2023 Volume 2

Number 3 Pages 12-16

HILBERT SPACE AND UNIQUE COMMON FIXED POINT FOR SELF
MAPPINGS

Shoyeb Ali Sayyed*, Raj Singh Chandelkar** And S.K.Jain***

* Professor, Department of Mathematics, Malwanchal University, Indore(M.P.)India
shoyeb9291@gmail.com
** Assistant Professor, Department of Mathematics , Govt. Model College , Jhabua (M.P.)-457661 India
rajchandelkar2910@gmail.com
*** Professor, Department Of Applied Mathematics, Ujjain Engineering College Ujjain (M.P.) India
Skjain63engg@Gmail.Com

ABSTRACT

In present paper , enhanced the outcome of prominent
educators as well as analyzers. Using self mappings
along with functional type inequality in Hilbert space
for building up desired unique common fixed point.
For procuring we have done some tempering in old
survey. Our desired result of the theorem is affecting
by a great number of experts.
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1. INTRODUCTION AND PRELIMINARY

Imdad and Jawed [3]observed that the general form
of his theorem remains true in metric spaces. In doing
this, never needed the specific properties of an inner
product norm. A real or complex inner product space
(RIPS or CIPS) i.e. also a complete metric space
(CMS) with respect to distance function pressed by
inner product is a Hilbert space. Sayyed and Badshah
[14,15,16,17] gave more significant path to
newcomers with road map of future enhancements .
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In same pattern Jain and Sayyed [4] gave result on
nonlinear contraction with gaining a fixed point as
well as Sayyed et.al.[18,19] examined it for self
maps. For consequently started with Ciric [1], Das
and Gupta [2], Naimpally and Singh [6], Rhoades
[12,13], Yadav etal [21], Veerapandi and Kumar
[20],Rao et.al.[10] , Rao and Kalyani [11], Patel and
Sharma [9].Nigam et.al. [7] and Park [8].

For elaborating proper some of modifications have
been created which are as follows :
(i) In the Ishikawa scheme {u2n}, {wan} satisfies 0 <

pon, @20 < 1,0 < pon, @20 <1 for all n,

lim w20 =0 as n— oo and Y} iy Wy, = .
(i) 711_{1010 Hon = Ho> 0
(i) ) 1{1_r)1010w = wy> 1.

Let C be a non empts subset of B, where B is a
Banach space and U and V: C — C be two
mappings. The iteration scheme, called - Scheme,
defined as follows:



roeC

(1.1)
Son= 20 Urzn +(l' UJZn) l2n n=0
Fone1 = (1- pan) ran+ ton VSon n=0
....... (1.2)
Son+1= ®2n+1 Uronst +(1- 602n+1) Mon+1 n=0
Fone1 = (1- pon+1) Fone1 + tonst VSonet n=0
(13)

We know that Banach Space is Hilbert space if and
onls if its norms satisfies the parallelogram law,

i.e. foreveryr,s € X.

[Ir+si? + [ir-sli* = 2 JIrf[? + 2]Is]?
(1.4)

which implies, [|r+s|2< 2 ||t][2 + 2]|s|]2
(1.5)

2. MAIN RESULTS

THEOREM 2.1 : Let B be a Hilbert space and let C
be a closed convex subset or B. Let U and V be two
mappings satisfying with r,s are non negative and

0 <3at+3b+3c <1,

lIs=Vs||?[1+||r=Ur|[%]
1+||r—s||?

IUr-Vs|P < a

1 +||s=Vs||?||r-uUr||?
1+||r—s||?

+b

+c||r —s||?
2.1)

If there exists a point ro such that the 1- scheme for U
and V defined by (1.2) and (1.3), converges to a point
u, then u is a common point of U and V.

PROOF:
It follows from (1.2) that rans1 - Fon = pan (VS2n - 72n)
Since ran—> U, || fans1 - Fon || =

Since { uon } is bounded away from zero,
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[[VS2n- Fan|| = 0 @S n — oo.
It follows that |Ju - VSan || = 0 as n — oo.

Since U and V satisfy (2.1) we have

[Is=Vsanl*[1+]|r=Urznll?]
1+||r—s||?

”LJan'VSZn”2 S a

+h [1 +lIs2n=VS2nl1* llr2n=Ur2nll*
1+||r2n—s2nl|?

+C ”an - SZn”2
(2.2)
Now, ”52n - r2n||2 = || ®2n Urap +(1' ®2n ) fon- Ion ”2

= || @2n Ur2n + I'2n- @2nl2n- C ”2

[| @20 (Ur2n -r20) [I?
= 0% || (Urzan + Vsan) + (VSan- I2n) ”2

<2 ||Ur2n - V52n||2 +2 || Vson - I'2n||2
(2.3)

and
lIs2n - VSan|[? = || @2n Uran + (1- ®2n) F2n - VSan|[?
= || @2n Uran + (1- @2n) r2n - VSon + o2n

VSan - @S2n Von |2
= || @2n (Urzn - VS2n) + (1- ®2n) (r2n - VS20)|[2
< 2 @%n || Uran - VSzn|? + 2 (1- 02n)? || T2n - VSan|?
<2 || Uran - Vsan|2 + 2 || ran- Vsan|? .

(2.4)

from (2.2), (2.3), (2.4) can be written as:

[2lUran=Vsanll?1+ 2 lIron—Uran |1
1+2 ||r2n=5nl|2 + 2||Vs2n—T2nl|?

”Uan'VSZn”2 S a

2
[1+2||UT211_V5211|| 2 |lran=Vsan [12+2][Vszn—Uranl|?)
142 ||r2n=snl|? + 2|[Vszn—T2nl|?

+b
tcC [ZHUTZn - VSZn”2 + 2||V52n - TZn”z]

2
< 2a[||UT2n - V52n|| + ”an - VSZn ||2]



+ 2b[||r2n - VSZn ”2 + ”VSZn - Uan”Z]

+2C [||Ury = Vsaull? + IVS2n — 120l 1%]

(a+b+c)

— 7 - 2
- 1—2(a+b+c)” Fon VSzn”

Taking the lim as n— oo, we get ||Ury, — Vs, | |2 -

0. It follows that
172 = Uran 12 < |I12n = Visan |I?
+2||[Vsyn = Uryy |2 >0
and,
[lu- Uranl? < 2Ju - ranlf
+2 ||x2n = Vyau |I? > 0as - oo,
If r2p and u satisfy (2.1) we have

[u=Vul|*[1+||r2n=Urznll?]
1+|Ir2n—ull?

lUr2n-VU|? < a

1 +|[u=Vul|* ]|lr2n—Uran]|*
L+|Ir2n—ull?

+b[

+ ¢ [Irn — ull?

U—Ton+Ton—VUl|2[1+||T2n—UT2n||?
<a [lu—T2n+7r2n [1*[1+||r2n=Urznll*]

L+|Ir2n—ull?

+Db [1 +H|[u—ron+12n—Vull? lllr2n—Uranl|?

L+|Ir2n—ull?

+¢ ||z — ull?

2 2 2
2||lu— +2 % 1+ %
Sa[ llu=ranl*+2llr2n=val[*| 14| Iran-vul[*]

P
1+||ron—ul|

12| fu=ranl | +2|lrzn—vul|*] l1r2n-Uranll?

+b

1+||r2n—ull?

+cIrn — ull?

IA

[2llu=ranl|* +4]Irzn=Uranl[* |4+ Uran -Vl *l[1+|ran-vul*

& z
1+||T2n_u||

1+[2llu=ranl|* +4]Ir2n—Uranl|* [+ 4l Ursn-vul (14| Ir2n-Urzn||]

Iz —ull?
+ ¢ |lrpn — ull?

Taking the lim as n— oo, we obtain
2 2
[1Ury, — Vul|™ < (atb) ||Ury, — V|
(1-a-b) ||Ury, — Vul|* < 0.
that is, [|Ury, — Vaul|® - 0
Finally [Ju-Vu|[> = || u - Urzn +Urzq - VU||?
< 2[|u — Uryy | + || Uran - VU|P? > 0 as n— oo,
showing that u= Vu.

Similarly, we can prove that u= Uu.

Thus, u is a common fired point of U and V.

THEOREM 2.2,

Let B be a Hilbert space and C be a closed subset of
B. Let U and V be two sets of mappings satisfying
for some positive integers with

[Is=Vrs| |2 [1+]|r=Urr||?]
1+]|r—s||?

IU'r-V's|? <

+ w [Ir-s]f?

where 0 < 3u + 3w < 1.. If there exists a point ro
such that the I- scheme for U and V defined by (1.2)
(1.3), converges to a point u, then u is a common
fired point of U and V.

PROOF:
It follows from (1.2)
Fan+1 - F2n = p2n(VSan - I2n).

Since ran— . || ran+1 - f2n || = 0. Since { pon }HS
bounded away from zero , || V'Szn - I2n|| = 0.

It follows that ||u - Vs2n|| = 0. Since U and V satisfs
(3.1) we have,

||U'r2 V's, ||2 <a lIszn=V's2n|2[1+]|Irn—Urran| %]
n~ n =
1+||r2n—s2nll?

+ B |Ir2n-Szn||?

(3.2)



Now
”SZn - |'2n||2 =] ®anU'ron+ (1' (DZn) lon- r2n”2

S 2||U‘r2n' VISZn”2 + 2 ”V'SZn - r2n “2
(3.3)

[Is2n - VlSZn”2 <2||U'rzn- V'52n||2 + 2| ran - V'san ||2
(3.4)

From (3.2) (3.3) (3.4) can be written as

|U'r2n- V'SZn”2 <

Finally || u - V'U|? = ||u - U'ran + U'rzn - V'U|]?

< 2u-U'ra [P+ 2||U'r2e- V'U|]? 20 as n— oo,
showing that u = V'u.

Similarly, we can prove that u = U'u.

Thus u is a common fired point of U and V.

[2||U’T‘2n _ Vlszn”z + 2||Tn _ V152n||2] [1 + 2||rn _ V’Szn||2 + 2||Vr52n — Urr2n||2]

[1 + 2||U””2n — [/’SZn||2 +2 ||V’52n‘7”2"||2]

+ B2 ||U'ryy — V'Son||* 4 2 ||V 7s2nTen ||

2
< W [2[|U T = VS22 |7+ 2| 120 - Vison 2] + w0 [2
|U Ty = V'S2n||* 4 2 ||V/S2nTen ]
2
VT2 V'Sanl? - 21 + @ ) |[U7 — V"2

<24+ ©)rn- Vs P12 (4 + @) [U'r2n
V'SZn”2

<2+ (U + w)llrn- V'san |2

2+ w)

o\ 2 <
”U Fon VSZn” T 12t w)

[Ir2n - V's2n |2

Taking lim as n— oo, we get ||U'rzn- V'san|[> =0

It follows that,

[Ir2n = U'ran |2 < 2 |[r2n - V'San |[2 + 2 |[V'T2n- U'szn||> =0
and,

lu-Urz|> < 2 |ju - ran|f? + 2 ||r2n - V's2n | 20 as n—

oo

If ronand u satisfy (3.1) we have

lU'r2n- V'Ul|? -0
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3. CONCLUSION

In this work ,we have proved back to back two
theorems for a unique common fixed point theorem
in Hilbert space by functional type inequality . It may
be enhanced for various inequality , weak and strong
convergence , taking three and more mappings etc.
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