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ABSTRACT 

In present paper , enhanced the outcome of prominent 

educators as well as analyzers. Using self mappings 

along with functional type inequality in Hilbert space 

for building up desired unique common fixed point. 

For procuring we have done some tempering in old 

survey. Our desired result of the theorem is affecting 

by a great number  of experts.  
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1. INTRODUCTION AND PRELIMINARY 

Imdad and Jawed [3]observed that the general form 

of his theorem remains true in metric spaces. In doing 

this, never needed the specific properties of an inner 

product norm. A real or complex inner product space 

(RIPS or CIPS) i.e. also a complete metric space 

(CMS) with respect to distance function pressed  by 

inner product is a Hilbert space. Sayyed and Badshah 

[14,15,16,17] gave more significant path to 

newcomers with road map of future enhancements .  

In same pattern Jain and Sayyed [4] gave result on 

nonlinear contraction with gaining a fixed point as 

well as Sayyed et.al.[18,19] examined it for self 

maps. For consequently started with Ciric [1], Das 

and Gupta [2], Naimpally and Singh [6], Rhoades 

[12,13], Yadav et,al [21], Veerapandi  and Kumar 

[20],Rao et.al.[10] , Rao and Kalyani [11], Patel and 

Sharma [9].Nigam et.al. [7] and Park [8].    

 

For elaborating proper some of modifications have 

been created which are as follows :   

(i) In the Ishikawa scheme {𝜇2n}, {ω2n} satisfies 0 ≤ 

μ2n ,  ω2n ≤ 1, 0 ≤ μ2n,  ω2n ≤ 1 for all n,  

 lim ω2n = 0 as n→ ∞ and ∑ μ2n ω2n = ∞. 

(ii) lim
𝑛→∞

μ2n = μ0> 0 

(iii) ) lim
𝑛→∞

𝜔 = ω0> 1. 

Let  C be a non empts subset of  B, where B is a 

Banach space and   U and V: C → C be two 

mappings. The iteration scheme, called  I- Scheme, 

defined as follows: 
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      r0 ∈ C                                                                                                                

              (1.1) 

 s2n=  ω2n  Ur2n +(1- ω2n ) r2n       n ≥ 0 

r2n+1 = (1- 𝜇2n) r2n + 𝜇2n Vs2n            n ≥ 0                                                                        

    .......  (1.2) 

s2n+1 =  ω2n+1  Ur2n+1 +(1- ω2n+1 ) r2n+1          n ≥ 0       

r2n+1 = (1- 𝜇2n+1) r2n+1 + 𝜇2n+1 Vs2n+1            n ≥ 0                                                              

              (1.3) 

We know that Banach Space is Hilbert space if and 

onls if its norms satisfies the parallelogram law,  

i.e. for every r, s ∈ 𝑋. 

||r+s||2 + ||r-s||2 = 2 ||r||2 + 2||s||2                                                                                                           

                (1.4) 

which implies, ||r+s||2 ≤  2 ||r||2 + 2||s||2                                                                                                                           

                (1.5) 

 

2. MAIN RESULTS   

THEOREM 2.1 : Let B be a Hilbert space and let C 

be a closed convex subset or B. Let U and V be two 

mappings satisfying  with r,s are non negative and  

0 ≤ 3a+3b+3c ≤ 1, 

||Ur-Vs||2 ≤ 𝑎 
||s−Vs||2[1+||r−Ur||2]

1+||r−s||2   

        + b 
1 +||𝑠−𝑉𝑠||2||𝑟−𝑈𝑟||2

1+||𝑟−𝑠||2   

                        + c ||𝑟 − 𝑠||2                                                        

                  (2.1) 

If there exists a point r0 such that the I- scheme for U 

and V defined by (1.2) and (1.3), converges to a point 

u, then u is a common point of U and V. 

PROOF:  

It follows from (1.2) that r2n+1 - r2n = 𝜇2n (Vs2n - 𝑟2n) 

Since r2n→ u, || r2n+1 - r2n || → ∞ 

Since { 𝜇2n } is bounded away from zero, 

 ||Vs2n- r2n|| → 0 as  𝑛 → ∞. 

It follows that ||u - Vs2n || → 0 as  𝑛 → ∞. 

Since U and V satisfy (2.1) we have 

||Ur2n-Vs2n||2 ≤ 𝑎 
||𝑠−𝑉𝑠2𝑛||2[1+||𝑟−𝑈𝑟2𝑛||2]

1+||𝑟−𝑠||2   

                            + b 
[1 +||𝑠2𝑛−𝑉𝑠2𝑛||2 ]||𝑟2𝑛−𝑈𝑟2𝑛||2

1+||𝑟2𝑛−𝑠2𝑛||2   

                                   + c ||𝑟2𝑛 − 𝑠2𝑛||2  

      

                      (2.2)                                                             

Now, ||s2n - r2n||2 = || ω2n Ur2n +(1- ω2n ) r2n -  r2n ||2 

  = || ω2n Ur2n + r2n- ω2nr2n -  c ||2 

= || ω2n (Ur2n -r2n) ||2 

=  ω2
2n || (Ur2n + Vs2n) + (Vs2n -  r2n) ||2 

≤ 2 ||Ur2n - Vs2n||2 + 2 || Vs2n - r2n||2                                                                                                           

                  (2.3) 

and  

 ||s2n - Vs2n||2 = || ω2n Ur2n + (1- ω2n) r2n - Vs2n||2 

 = || ω2n Ur2n + (1- ω2n) r2n - Vs2n + ω2n
 

   Vs2n - ωs2n Vs2n ||2 

= || ω2n (Ur2n - Vs2n) + (1- ω2n) (r2n - Vs2n)||2 

≤ 2 ω2
2n || Ur2n - Vs2n||2 + 2 (1- ω2n)2 || r2n - Vs2n||2 

≤ 2  || Ur2n - Vs2n||2 + 2 || r2n - Vs2n||2 . 

                 (2.4) 

from (2.2), (2.3) , (2.4) can be written as: 

||Ur2n-Vs2n||2 ≤ 𝑎 
[2||𝑈𝑟2𝑛−𝑉𝑠2𝑛||2]+ 2 ||𝑟2𝑛−𝑈𝑟2𝑛  ||

2

1+2 ||𝑟2𝑛−𝑠𝑛||2 + 2||𝑉𝑠2𝑛−𝑟2𝑛||2   

      + b 
[1+2||𝑈𝑟2𝑛−𝑉𝑠2𝑛||

2 
(2 ||𝑟2𝑛−𝑉𝑠2𝑛  ||

2+2||𝑉𝑠2𝑛−𝑈𝑟2𝑛||2)

1+2 ||𝑟2𝑛−𝑠𝑛||2 + 2||𝑉𝑠2𝑛−𝑟2𝑛||2   

              + c [2||𝑈𝑟2𝑛 − 𝑉𝑠2𝑛||2 +   2||𝑉𝑠2𝑛 − 𝑟2𝑛||2] 

≤ 2a[||𝑈𝑟2𝑛 − 𝑉𝑠2𝑛||
2 

+ ||𝑟2𝑛 − 𝑉𝑠2𝑛  ||
2]  
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               + 2b[||𝑟2𝑛 − 𝑉𝑠2𝑛  ||
2 + ||𝑉𝑠2𝑛 − 𝑈𝑟2𝑛||2]  

                  + 2c [||𝑈𝑟2𝑛 − 𝑉𝑠2𝑛||2 + ||𝑉𝑠2𝑛 − 𝑟2𝑛||2] 

≤
(𝑎+𝑏+𝑐)

1−2(𝑎+𝑏+𝑐)
|| r2n-Vs2n||2 

Taking the lim as n→ ∞, we get ||𝑈𝑟2𝑛 − 𝑉𝑠2𝑛||
2 

→

0. It follows that 

||𝑟2𝑛 − 𝑈𝑟2𝑛  ||
2 ≤ ||𝑟2𝑛 − 𝑉𝑠2𝑛  ||

2  

                                    + 2||𝑉𝑠2𝑛 − 𝑈𝑟2𝑛  ||
2 → 0 

and, 

||u- Ur2n||2  ≤ 2||u - r2n||2  

                         + 2 ||𝑥2𝑛 − 𝑉𝑦2𝑛  ||
2 → 0 𝑎𝑠 → ∞. 

If r2n and u satisfy (2.1) we have 

||Ur2n-Vu||2 ≤ 𝑎 
||𝑢−𝑉𝑢||2[1+||𝑟2𝑛−𝑈𝑟2𝑛||2]

1+||𝑟2𝑛−𝑢||2   

                         + b 
[1 +||𝑢−𝑉𝑢||2 ]||𝑟2𝑛−𝑈𝑟2𝑛||2

1+||𝑟2𝑛−𝑢||2   

                              + c ||𝑟2𝑛 − 𝑢||2  

≤ 𝑎 
||𝑢−𝑟2𝑛+𝑟2𝑛−𝑉𝑢||2[1+||𝑟2𝑛−𝑈𝑟2𝑛||2]

1+||𝑟2𝑛−𝑢||2   

        + b 
[1 +||𝑢−𝑟2𝑛+𝑟2𝑛−𝑉𝑢||2 ]||𝑟2𝑛−𝑈𝑟2𝑛||2

1+||𝑟2𝑛−𝑢||2   

            + c ||𝑟2𝑛 − 𝑢||2 

≤ a
[2||𝑢−𝑟2𝑛||

2
+2||𝑟2𝑛−𝑉𝑢||

2
][1+||𝑟2𝑛−𝑉𝑢||

2
]

1+||𝑟2𝑛−𝑢||
2   

       + b
1+[2||𝑢−𝑟2𝑛||

2
+2||𝑟2𝑛−𝑉𝑢||

2
] ||𝑟2𝑛−𝑈𝑟2𝑛||2

1+||𝑟2𝑛−𝑢||2   

          + c ||𝑟2𝑛 − 𝑢||2 

≤ 

a
[2||𝑢−𝑟2𝑛||

2
+4||𝑟2𝑛−𝑈𝑟2𝑛||

2
]4+||𝑈𝑟2𝑛−𝑉𝑢||

2
][1+||𝑟2𝑛−𝑉𝑢||

2

1+||𝑟2𝑛−𝑢||
2  

 + 

b

 
 1+[2||𝑢−𝑟2𝑛||

2
+4||𝑟2𝑛−𝑈𝑟2𝑛||

2
]+4||𝑈𝑟2𝑛−𝑉𝑢||

2
[1+||𝑟2𝑛−𝑈𝑟2𝑛||

2
]

1+||𝑟2𝑛−𝑢||2     

+ c ||𝑟2𝑛 − 𝑢||2 

Taking the lim as n→ ∞, we obtain 

||𝑈𝑟2𝑛 − 𝑉𝑢||
2 

≤ (a+b) ||𝑈𝑟2𝑛 − 𝑉𝑢||
2 

 

(1-a-b) ||𝑈𝑟2𝑛 − 𝑉𝑢||
2 

≤ 0. 

that is, ||𝑈𝑟2𝑛 − 𝑉𝑢||
2 

→ 0 

Finally ||u-Vu||2 = || u - Ur2n +Ur2n - Vu||2 

≤ 2|| u −  Ur2n ||2 + || Ur2n - Vu||2 → 0 as n→ ∞, 

showing that u= Vu. 

Similarly, we can prove that u= Uu. 

Thus, u is a common fired point of U and V. 

 

THEOREM 2.2. 

Let B be a Hilbert space and C be a closed subset of 

B. Let U and V be two sets of mappings satisfying 

for some positive integers with  

||U'r- V's||2 ≤ 𝜇
||𝑠−𝑉′𝑠||2[1+||𝑟−𝑈′𝑟||2]

1+||𝑟−𝑠||2  + 𝜔 ||r-s||2               

    ....... (3.1) 

where 0 ≤ 3𝜇 + 3𝜔 ≤ 1.. If there exists a point r0  

such that the I- scheme for U and V defined by (1.2) 

(1.3), converges to a point u, then u is a common 

fired point of U and V. 

PROOF: 

It follows from (1.2)  

r2n+1 - r2n = μ2n(Vs2n - r2n). 

Since r2n → 𝑢. || r2n+1 - r2n || → 0. Since { μ2n }is 

bounded away from zero , || Vs2n - r2n|| → 0. 

It follows that ||u - Vs2n|| → 0. Since U and V satisfs 

(3.1) we have, 

||U'r2n- V's2n||2 ≤ 𝛼
||𝑠2𝑛−𝑉′𝑠2𝑛||2[1+||𝑟𝑛−𝑈′𝑟2𝑛||2]

1+||𝑟2𝑛−𝑠2𝑛||2    

                               + 𝛽 ||r2n-s2n||2       

                                                                             (3.2) 
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Now  

 ||s2n - r2n||2  = ||  ω2n U'r2n + (1- ω2n ) r2n - r2n||2 

                       ≤ 2||U'r2n- V's2n||2 + 2 ||V's2n - r2n ||2  

                                                           (3.3) 

||s2n - V's2n||2  ≤ 2||U'r2n- V's2n||2 + 2 || r2n - V's2n ||2                         

                         (3.4) 

From (3.2) (3.3) (3.4) can be written as  

 

||U'r2n- V's2n||2 ≤   

𝛼
[2||𝑈′𝑟2𝑛 − 𝑉′s2n||

2
+ 2||𝑟𝑛 − 𝑉′𝑠2𝑛||

2
] [1 + 2||𝑟𝑛 − 𝑉′𝑠2𝑛||

2
+ 2||𝑉′𝑠2𝑛 − 𝑈′𝑟2𝑛||

2
]

[1 + 2||𝑈′𝑟2𝑛 − 𝑉′𝑠2𝑛||
2

+ 2 ||𝑉′𝑠2𝑛−𝑟2𝑛||
2

]
 

 

 + 𝛽 [2 ||𝑈′𝑟2𝑛 − 𝑉′𝑠2𝑛||
2

+ 2  ||𝑉′𝑠2𝑛−𝑟2𝑛||
2
] 

 

 ≤  𝜇 [2||𝑈′𝑟2𝑛 − 𝑉′𝑠2𝑛||
2
 + 2 || r2n - V's2n ||2] + 𝜔 [2 

||𝑈′𝑟2𝑛 − 𝑉′𝑠2𝑛||
2

+ 2  ||𝑉′𝑠2𝑛−𝑟2𝑛||
2
] 

||U'r2n- V's2n||2 - 2(𝜇 +  𝜔 ) ||𝑈′𝑟2𝑛 − 𝑉′𝑠2𝑛||
2
 

≤  2+ (𝜇 +  𝜔 ) ||r2n - V's2n ||2 1-2 (𝜇 +  𝜔 ) ||U'r2n- 

V's2n||2  

≤  2+ (𝜇 +  𝜔 ) ||r2n - V's2n ||2 

||U'r2n- V's2n||2 ≤  
2(𝜇 + 𝜔 ) 

1−2(𝜇 + 𝜔 ) 
 ||r2n - V's2n ||2 

Taking lim as  n→ ∞, we get ||U'r2n- V's2n||2 →0 

It follows that, 

||r2n - U'r2n ||2 ≤  2 ||r2n - V's2n ||2 + 2 ||V'r2n- U's2n||2 →0 

and,  

||u - U'r2n||2 ≤  2 ||u - r2n||2 + 2 ||r2n - V's2n ||2 →0 as  n→

∞, 

If r2n and u satisfy (3.1) we have 

||U'r2n- V'u||2 →0 

Finally || u - V'u||2 = ||u - U'r2n + U'r2n - V'u||2 

≤  2 ||u - U'r2n ||2 + 2 ||U'r2n- V'u||2 →0 as  n→ ∞, 

showing that u = V'u. 

Similarly, we can prove that u = U'u. 

Thus  u is a common fired point of U and V. 

 

 

 

 

 

 

 

 

3. CONCLUSION 

In this work ,we have proved back to back two 

theorems for a unique common fixed point theorem 

in Hilbert space by functional type inequality . It may 

be enhanced for various inequality , weak and strong 

convergence , taking three and more mappings etc.     
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